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ABSTRACT 


In this paper, obtainedunique fixed point theorems ona controlledmetric spaces.Which is generalize the results of Kiran et 


al.[24]and many others results. 
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INTRODUCTION 


The well- known Banach contraction theorem [ | ] has been generalized and extended by many authors ( see [2 ]- [ 8 ] ). 
Bakhtin [9],Bourbaki [10 ] and Czerwik [ 11, 12 ] introduced the concept of b- metric space. After that, a number of 
research papers have been established that generalized that Banach fixed point result in the framework of b- metric space 
(see [ 13]- [18 ] ). Kamran et al.[23] generalized the structure of a b- metric space and called it an extended b - metric 
space. Thereafter, many research article have appeared, which generalize the contraction principle of Banach in extended 
b- metric space (see[19], [20], [21], [22],[ 24] ). Mlaiki et al. [ 25] generalized the structure ofextended b - metric space 
and called a controlled metric. In this structure many authors obtained fixed point theorem, which is generalize the 
contraction principle of a Banach in controlled metric space ( see [ 26 ] ).In this paper, obtain a unique fixed point theorem 


and example a controlled metric space, which is generalize a number of fixed point results of Kiran et al. [24 ] and others. 
PRELIMINARIES 


Definition 2.1 [11] LetX be a set and s >I a real number. A function dg : X x X > [ 0, ©) is called a b - metric space, if it 


satisfies the following axioms for all x, y, z € X. 
e = de( x, y ) =0 if and only ifx = y, 
© do (x, y ) =de Cy, x), 


© §=do( x, y ) Ss[do ( x, z) +do( z, y )]. The pair ( X,do ) is called a b - metric space.Clearly, every metric space is a b - 


metric space with s = 1, but its converse is not true in general. 


Definition 2.2 [23]Let X be a non- empty set anda: X x X > [ 1, ~).A function dg: X x X > [ 0, ~) is called an 


extendedb - metric space, if it satisfies the following axioms for all x, y, z € X. 
e =do( x, y ) =0 if and only ifx = y, 


e do (x, y ) =de Cy, x ), 
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e §=do( x, y) sa(x, y) [ do (x, z) +do( z, y )]. The pair ( X,dq ) is called an extendedb - metric space. 
Example 2.1 [23]Let X = [0, -~). Define dg : X x X > [0, °%) 
0,if x=y 
do( x, y= 3, if k or y e{1,2} 
5,ifx #ye{1,2} 
1, otherWise. 


Then(X, dg ) isextended b - metric space, wherea: X X X > [ 1, oc) is defined by a(x, y) =x + y + 1, for all x, y 
¢ X.Every b - metric space is an extended b — metricspace with constant function a( x, y ) =s for s 21, but its converse is 


not in general. 


Definition 2.3 [25] Let X be a non- empty set anda : X x X > [ 1, ~).A function d : KX x KX > [ 0, ~) is 


calledcontrolledmetric space, if it satisfies the following axioms for all x, y, z € X. 

e d(x, y) =0 if and only ifx = y, 

e dawy)=d(y,x), 

© d(x,y) sa(x, z)d (x, Z)+ a(z, y)d(z, y )].The pair ( X,d ) is called an controlledmetric space. 
Example 2.2 [25] Let X = { 0, 1, 2 }. Consider the function d: X x X > [0, -) defined by 


d(0,0)=d(1,1)=d(2,2)=0,d(0,1)=d0,0)=1d(0,2)=dQ2,0)=1/,d0,2)=d(2,1)= 
2/5.Take a: X X X > [ 1, e) to be symmetry and be defined by 


a (0, O)=a (1, l=a (2, 2)= a (0, 2) =a (2, 0) = 1,a (0, =a, 0)=11/10,a (1, 2) = a (2, I= 5/4. 
It is easy to show that d is a controlled metricspace. 
Note that 
d(0,1)=1 > 99/100 =a (0, 1)[d(0,2)+d(2,1)]. 
Thusdis not an extended b - metric for the same function a. 


Theorem 2.1 [24] Let (X, do ) be a complete extended b - metricspace with a: X x X > [1, o). IfT: X > X satisfies the 


inequality, 

do (Tx, Ty ) sadg (x, y ) + b do (x,, Tx ) +c do (y, Ty ) + e [do (x, Ty ) +do (y, Tx ) J. 
Where a, b, c, e =0 and for eachxy € X, 

a+b+c42e lim, n>. (Xp, Xm )< 1. Then T has a fixed point. 


Theorem 2.2 [24 ]Let ( X, dg ) be a complete extended b - metricspace witha: Xx X > [1, ofl : X > X satisfies the 


inequality, 


do (Tx, Ty ) 2 do (x, y ) + b [do (x,, Tx ) +d (y, Ty )for each x, y « X, where a, b € [ 0, 1/3). Moreover for eachxg 


€ X,limy, m> ~ & (Xn, Xm ) b< 1.Then Thas aunique fixed point. 
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Lemma 2.1 For every sequence { X»}n-n Of elements from a controlled metricspace ( X, d )the inequality 
d(Xn,Xm) MXyXne1)d (Kn, Xn t+ De maul; =n+1 B(Xj»Xm)) A(X, X41) (Xj, Xi41) + [limes BUX Xm)d( X%m—1-%m) 
Proof -d (Xp, Xm) SO (Xp, Xne1)d (Xn, Xnsi) +O (Xnst, Xm) d (ns Xm ) 
SO. (Xp, Xnoi)d (Xp, Xnst) HOCK 1-%m) O (Knots Xn42Vd (Knots Xn) + O (Knot, Xm) O& (X42, Xm) d (Kns2 Xm) 
SO (Xn, Xnsi)d (Xn Xns1) +O (Xng1, Xm) O (Xnsis Xns2)A(Kns, Xng2 ) + O (Xngt, Xm) O (Xng2, Xm) O (Xns2, Xn43)d (Kn42, Xn43) 
+0 (Xns1, Xm) O (Xng2, Xm)O (Xn43, Xm) d (Kn43, Xm) 
Sb 
D(X, Xngt)d (Xn, Xnst) +L au (lj- an+1 U(X), Xm)) Oj, Xi41)A(Xi Xin.) + Wena & Xe» Xm )dm—1,%m)- 
Hence 
A(X Xm) D(XnXnsA(Xp,Xnsi)+ Lien ia (I1j- n+1 a(x, Xm)) O(Xjr Xi41 (Xj, Xi41)4 T Tie n+1 &(Xk:%m)d(%n-1,%m)-(1) 


Lemma 2.2 Every sequence { X, },.n Of elements from a controlled metric space (X, d),having the property that there 


existske[ 0, 1 ) such that 
d (Knit, Xn) Kd (Xp, Xn-1),(2) 

for every n € N is Cauchy sequence. 

Proof — First, by successively applying. (2), we get 
d (Xn1, Xn) k"d (x1, X0)(3) 

for every keN. 


Then by lemma (2.1), for all n, me N, we have 


i(xpXig AXEXi41) te @ XExm) aC ), 
d Cain) OK Teil Caden ERM ee va Cente ea oC 9) ad (Kes Xn} 


Gt (Xny Xue) (ny Xne) +Deus janes Xj Xm)) Xi, X41) (Xi Xiva) + 

Deeg eC ie Es 5 New Xn Kad 

d (Xp, Xm) $0 (Kn, Xme1) K" d (Xo, X1) +L janes Cj Xm)) HX; X41) d (Xo, %1 K+ 

ones €(Xpe»Xm (Xp, %1 ),A( Xmas Xm)" 

d (Xp, Xm) (Xp, Xner) kK" d (Xo, XD) HL nn (j= =n+1 U(X}, Xm)) A(X, X41) (Xo, X1 )K (4) 
LetS, =D ho (Tao €(%).%m)) Oxi Xi41 (Xo. %1)K. 

From 2.4, we get 
d (Xp, Xm) BK, Xn) Lk" d (Xo, X1) +Sm1 — Sq ) ].(5) 

As above, usinga ( x, k ) 21, and ratio test, 


Lim, = ..S, exists. Thus { S,} is Cauchy. Finally,letting n, m > edn 5, we conclude that 
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limy, m> ~ d (Xp, Xm )=O.Thus { xX, }nenis a Cauchy sequence. 
MAIN RESULTS 
Theorem 3.1Let (X, d) be a complete controlled metricspaces with a: X x X > [1, ). IfT: X > Xsatisfies the inequality 
d (Tx, Ty ) ad (x, y)+bd(x,, Tx ) +c d (y, Ty) +e [d (x, Ty) +d (y, Tx) ] (6) 
Where a, b, c, e >0 and for eachxy € X, 
a+b+c+2e lim, m> .@( Xn, Xm )< 1. Then T has a fixed point. 
Proof—Let us choose an arbitrary xp)¢ X and define the iterative sequence { x, },_-n by 
Xn = TX,1=70" Xofor all n 21. 
If X,= Xy1,thenx,is a fixed point of T and the proof holds. So, we suppose 
X, K,1, for all n >1. Then from equation 6, we have 
d ( Xn+1, Xn=d (TXn, TXn-1) 
Sad (Xp, Xn-1) +b d (X),TX,)+ ¢ d (Xn, TXn1 ) +O [ d (Xn, TX ) +d (Xn, TX, )] 
Sad (Xp, Xn-1) +b d (X_,TXy)+ ¢ d (Xn, TXn1 ) te Ld (Xn, Xn) +d (Xn, TXn )] 
Sad (Xp, Xn-1) +b d (X),TX,)+ ¢ d (Xn, TXn1 ) + ed ( Xn-1, TXn ) 
Sad (Xn, Xn-1) + bd (Xp, TXp) + ¢ d (Xn, TXn1 ) + © [0 (Xn-1, Xn)d (Xn-1, Xn) + O (Kn, TXn)d (Xn, TXn) J 
<[atcot+ea(X,, x,)] d (x,4, x,) + [ b te a (x, Tx,)]d (x, Tx,) 
=[at+c+eO (Xn1, Xn)] d (Xn, Xn) + [DB +e O (Xp, Xne Id (Kn; Xue) (7) 
Similarly, 
d (Xp, Xn) Lat b +e A (Ky, Xq)] d (Kn, Xn) + LC +e (Xn, Xns]d (Kn, Xns1) (8) 
Adding(7)and (8), we get 
2d (Xp Xnut ) {2a+b+ct+2 eQ(X, 4, x,)] d (X,4, Xp) + [b te +2 € @ (XK, Xna Id (Xp, Xn) 
[2-—b—c-2eQ (Xp, Xnat)] d (Xp, Xn) (2 at b+ 042 € (XK y1, Xp)] d (Xn-1, Xn) 


d (%, Xn) {2 a+bt+ct2ea (Xn Xy)] d (Xn Xp) / [2 -b-c-2ea (%, Xn] (Xp, Xn) fu d (Xn Xn) 


where,u=[2 a+b +c+2 ea (Xn4, Xn)] /[2-—-b—c-2e (Xp, Xn)] 
Since,a+ b+c + 2e limy, m> (Xn, Xm )< 1, 

2a42b+4+2c+4e limy m> .O (Xp, Xm )<2, 

2a4+2b+2c+42e limy mo oO (Xn, Xm) + 2e limy, po . & (Xn, Xm )<2, 
2at+b+c+ 2e lim, mo oO (Xp, Xm )<2 -b- cc - 2e lim, pe (Xp, Xm), 
2at+bt+c+2e lim, n>. (Xp, Xm)/2 -b-c - 2e limy po 2 (Xp, Xm <1. 
Implies,u<1. 
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Hence from lemma 2.2, { X, }1~nis a Cauchy sequence. As X is complete, therefore there existsx ¢ X 


such that lim, x, = x. Next, we will show that x is a fixed point of T. From the triangle inequality and equation 


(6), we have 
d (x, T x) Sa (x, Xnsd (x, Xn+1) +O (Xna1, Tx) d (Xna1 Tx ) 
SO (X, Xy41)d (X, Xy41) +0(X,41,1X) [a d (x,, x) + b d (x,,Tx,)+ c d(x, Tx )+e[d(x,, Tx )+d (x, Tx,) ] 


<a (x, Xnd (Xn, Xn) +a O(Xn41,Tx)d (Xn, x) + ba(xpy1,Tx)d (Xn, Xnei)+ CO(Xp41, LX) d ( X, Tx ) +e O(Xn41, 1X) d ( X, Xn+1 ) + 
CO(Xn41,1X)[O(%n,X) d (Xn, X) + A,TX) d(x, Tx) ] 


= [0 (X, Xp)+ D O(Xp41,TX) HOO TX) | d OX, Xn FL ALK TX) +E O(Xn41,TX)O(XpX) | d (Xp, X ) + [COX TX) + 
CO(Xn41,TX)O(Xn,X)]d (x, TX) [1 - ¢ OXn41,TX) - €O(Xn+1,TX)a(x,Tx)]d (x, Tx) 


Jf OK 4),TX) + ba(Xy4),TX) + CO(Xp41,TX)]d CX, Xpa1) +L AQ(Xnay,TX) + CO(Xy41,1X)O(X,,x)]d (x, Tx)> Oasn> 
[1- ¢ O(Xy41,TX) - CO(Xy41,Tx)a(x, Tx)] d (x, Tx) $0. (10) 
Similarly,[1- b a(Tx,Xy21) - e a(TX, Xp1,)0(TX, x)] d (x, Tx) <0 (11) 

Adding (10)and (11), we have 

[2- b a(TX, Xy41) -C O(Xy41,TX) - 2 € A(Ky41, Tx)a(x,Tx)] d ( x, Tx) <0. 
Since,[2- b a(TX, Xn41) -C O(Xp41,TX) - 2 € A(Xn41, Tx)a(x,Tx)]> 0, 

We getd ( x, Tx)=OieTx=x. 


Now, we show that x is the unique fixed point of T. Assume y is another fixed point of T, then we haveTy = y. 


Also, 
d (x, y)=d (Tx, Ty) <ad (x, y)+ bd (x,Tx)+cd(y, Ty) +e[d(x, Ty) +d(y, Tx )] 
sad(x,y)+bd(x,x)+cd(y, Ty)+e[d(x,y)+dCy, x )] 
sad (x, y) + 2e d (x, y) 
[l-a—2e]d(x,y) 2%. 
As,atb+c+2e Sat+b+c 4+2e lim, ,,. (Xp, Xm)< L. 
Therefore,[ 1 — a—2e ]>0, andd (x, y )=Oiex=y. 
Hence T has a unique fixed point in X. 


Remark 3.1 From the symmetry of the distance function d, it is easy to prove similar to that in [4, 14]that b = c. Thus the 


inequality (6) is equivalent to the following inequality 
d (Tx, Ty ) sad (x, y) +b [d(x,T x)+ d(y, Ty )] +e[d(x, Ty) +d(y, Tx )] (12) 
where a, b, e 8 such thata + 2b + 2e limy, p> (Xn, Xm )< 1. 


Ifa=b=Oandee [0, %) in equality (12), we obtain generalization of Chatterjee’s maps [8] in controlled metric 


space. 
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Remark 3.2 Theorem 3.1 generalizes and improves Theorem 9 of [16] and therefore Theorem 2.1 of [3]. 
Moreover,Theorem 3.1 generalizes and improves Theorem12 of [21],Theorem 2.19 from [28] and Theorem 9 from [24]. 
Theorem 3.2 Let (X, d) be a complete controlled metric space with a: X x X > [1, ~). If T: X > X satisfies the inequality 

d (Tx, Ty ) ad (x, y ) + bl d (x,Tx ) +d (y, Ty )] (13) 
for each x, y € X, where a, b € [0, 1/3 ). Moreover for eachxg € X. 

lim, m> » @ (Xn, Xm )b< 1. Then T has a fixed point. 
Proof—Let us choose an arbitrary x)¢ X and define the iterative sequence { X, }n<n by 

X, = TX,1=T" Xofor all n >1. 

Ifx,=X,-1,thenx, is a fixed point of T and the proof holds. So, we suppose 

Xn Xp), for alln >1. Then from equation 3.8, we have 

d ( Txp, TXp1) $A d (Ky, Xn1) + BE d (Kn, TXp)+d ( Xp1, TXn1) Id Knsts Xn) 

Sad (Xp; Xn-1) +B [d (Xn, Xne+d (Xn, Xn ) J 

[1 - b] d (Kn41.Xn) SL at b Jd Ox, Xn1) 

d (Xn41Xn) SL at b Jd (X,, X,4)/ [1 - b] 

Sp d (Xp, Xn-1) (14) 
Whereup ={a +b} /{ 1—b }. 


Since a, b € [0, 1/3), sou<1.Hence from lemma (6), { X, }1.Nnis a Cauchy sequence. As X is complete, therefore 
there existsx ¢ X such that lim, .x, = x. Next, we will show that x is a fixed point of T. From the triangle inequality and 


equation 3.8, we have 
d (x, TX) SO (X, Xnsid (X, Xne1) +0 (Xns1, TX) d (Xn41, TX) 
SO (X, Xpas)d (XK, Xpy1) +O(Ky41,Tx) {a d (x,x,) + b[ d (x,T x)+d (x,, Tx, ) ] }[1- ba(x,4,,Tx)]d (x, Tx) 
OK 4 1,X) d (CX, Xngr+ a A(Xp41,TX) d (X, Xn)+ bO(Xna1,.TX) ] d (Xp, TXn)> Oasn> 
[1- ba(xn41,Tx)] d (x, Tx) $0. (15) 
Since, lim, m+ (Xp, Xm )b< 1. 
We get 
[1 — ba(x,4);,Tx)]>0 and so 
d (x, Tx)=OieTx=x. 
Now, we show that x is the unique fixed point of T. Assume y is another fixed point of T, then we haveTy = y. Also, 
d(x, y)=d (Tx, Ty) sad (x, y) +b [d (x,T x)4+d (yy, Ty ) ] 


sad (x, y)<d (x, y). 
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Which is a contradiction Henced (x, y)=Oiex=y. Hence T has a unique fixed point in X. 


Remark 3.3 Theorem 3.2 generalizes Theorem2 of [13] and Theorem 10 of [24]. 


Example 3.1 Let X = {0, 1, 2}. Consider the function d: X x X > [0, ~) defined by 


d(0,0)=d(1,1)=d(2,2)=0,d(0,1)=d1,0)=10d (0,2)=dQ2,0)=5,d 1,2) =d (Q, 1) = 30. 
Take a: Xx X > [ 1, e) to be symmetry and be defined by 
a (0, 0)=a 1, 1)=a (2, 2)= a (0,1 )=a (1, 0) = 1, a (0, 2)= a (2, 0)=4,a 1, 2) =a 2, D= 1. 


It is easy to show that d is a controlled metric space. 


Note that, 


d(1,2)=30>15 =a, 2)[d(1,0)+d(0,2)]. 


Thusdis not an extended b - metric space.SupposefunctionT: X > Xsuch that 


TO =0, T2 =OandT1=2.If a = 3/15, b = 1/15, c= 2/15 and e=1/15. 


Hence all the condition of Theorem3.1 are satisfies and so T has a unique fixed point isx = 0. 
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